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‘J’k lloltzl~lal~l)-lil)rcr)fcst  (B-]i) principle of adiabatic invariance has been applied to
a resonant microwave cavity containing a dielectric s~)hcrc. I:or this system, the
principle states that the time averaged energy stored in the cavit y is proportional to
the resonant frequency, if kmscs can be neglected. “Jk stored energy, lJ,
expressed for convcnicncc as an increase above the. stored energy of the eJnply
cavity, varies as tbc position of the sphere is changed. lJ sc.rvcs cffc.ctivcJy as a
potential for the force ]{’ cxmlcd OJI the slhcJ’e, so that 1~ : - VIJ. “J’his force
equation and the 11-11 princiJJlc lead to the prcdic[icm  that the Zl-COJnpOJWJ)t  of the
microwave force is given by 1;2, = - C (Am/AT)  whcJI the sJdIere is ctisp]accd
through Ihc di stance Az,. “J’his pJ”cdict  ioJ) bas been tfxted by dirccl lTEaSllJ’CJllCJlt  of
the spatial dcpcnclcnce  of the axial force cxcrlc-d  on the sphere  in a cylindrical cavity
excited in the TJ ]] 11 mode, and simultaneous mcasuJ”emcnt of tbc ]tXO1lant
frequency. “J’hc constant of proportionality, C, has bccJI ctctcnnincd  inclepcnclcntly
by auxiliary measurements involving the Q of the cavity and the, powcJ’ loss.
Ag~CCJllCJ)t  found between experiment and predictions establishes the validity of
apj)] ying the I I-} ~ principle to dmmi nc fc)rccs  excr[e.ci OJI the sample, cent ai ncd in
tbe cavity. in addition, the sJ~atial  variation of the resonant frcc]ucncy, for a
rc.ctangular  cavity containing a ]ossy dielectric splmc  was also measured and
compared to predictions of a recent microwave perturbation Jnoclcl. “1’hc app]icat  ion
of the 11-1 ~ princiJ)]c and tbc frequency shift pcrturbat  ion mode] to the c]cvc]opmcnt
of microwave positicmins  devices for future containcrlcss  materials p]-occssing
studies in a microgravity  cnvironmc,nt  is also discussed,

IN’J’J{OIIIJ(:J’JON”

‘J’hc ability to position materials using microwave foKcs  would be cxtrcmc]y
valuable tc) NASA’s Microgravity Science ancl App]icaticms  prc)g,ram. A goal of
this prc)gram is to develop efficient tccbniques for containcr]css  processing of
materials in the micl”ogmvity  cmironmc.nt  of space. ~cmducting  l“cscarcb under this
prc)gram,  the Jet l)ropu] sion 1.aboratory  has dCJllOJ)StJ’titC  .Cl various tcchniclllc.s  for
positioning matcria]s.  IHccttostatic  ant] clcctroma~,nctic  levitation techniques arc
actively being explored [1]. While the force.s cxcrtccl  by a microwfive  field arc too
weak for practical jyounct-based ccmtainc,rle,ss  processing, they c)ffcr significant
advantages for positioning materials in a microgravity  environment. “J’hrcmgh
proper choice of the resonant moclc,  microwave forces can pcmition  sanqjles  away



fmm the cavity walls, in a stable equilibrium configuration. Unlike the electrostatic
case, no act ivc positioning feedback is rcquiml.  An advantage of this tcchniquc  not
shared by acoustic positioning, is the ability to position samples in vacuum. “1’his
can be a critical cnvironmc.nt for certain material processing cxpcrimcnts.

‘l’he motivation was to develop a practical, simple technique for predicting the
microwave positioning potential for a low loss sample,,  of arbitraty  size and shape
in a cavity also of arbit rary si 7.c and shape. “1’hcoretical  predictions so far have bexm
restricted to spherical samples. It would t)c a tremendous advantage for the
pq)oscs  of containcrlcss  microwave processing, to be able to predict (hc
microwave force e.xcr[cd  on samples in cavities, both made over a wide mngc of
si~,cs  and geometric shapes. in applying the }Ioltzmann-1 ihrcnfcst (11-li) principle
of adiabatic invariance to a single, microwave resonant mode, wc arc able to make
such predictions. ‘1’his paper ctcscribcs an cxpcrimcnt  that tests these prczlic[ ions.

‘1’1 II XIRY

When a neutral, dielectric material is introduced into an external electric field, ICo,
the material will bccomc polarized. ‘1’hc resultant electric field, 1’;, inside the sample
will bc reduced from ICo by the field created from the polarization charge. ‘1’hc
polarization vcclor, 1’, is given by:

1’ = (c - co) 1{: (1)

where c is the dielectric constant of the material and CO is the pemittivity  of free
space. “1’hc change in the potential energy of the. sample after being positioned in
the external field is:

n(r) =- - ~-~v (P o Ito) clvs.
s

(2)

As the sample is moved throu@ an illl~ol~~ogel~eotls  external field, the. pc)tential
energy diffcrcncc  changes as a function of position, ‘1’his gradient in the potential
energy difference is equal to the ne.gat  ivc of the force. acting on the sample.:

],’(r) =:- - v~](~)< (3)

l;xcept for the case of the. small slhcrc, for which the wavelength of radiation is
muc}~ longer than the ctiamctcr of the sphere, it is cxtrcmcly  difficult to calculate the
expression for the electric field, It, insi(ie  the sample, Gmscqucntl  y, the fowc is
also difficult to calculate.

Microwave forces can bc calcu]atcd  using simplifying assumptions. in the
electrostatic approximation, the field inside a small sphere, l’;, is proportional to the
cx[crnal  field, ICO. “1’hc time avc.rage.cl change in the })otcmtial  energy of the samp]c



is then proportional to - E:, and the force will bc proportional to V lt~. l~igurc 1
shows the change in the potential cncrgy of a small sphere as a function of position
for the cylindrical ‘1’1111 ~ mode.. ‘1’hc plot is for a conslant  0.

1 ;igurc 1. Potential energy };igmc 2., Microwave force  exerted
difference for a small on a small sphere moving
sphere in a cylinctrical along the 74 axis at the
cavity; ‘1’1;11 1 mode ccntcr  of a cylindrical

cavity; “J’J 1 ~ 11 mode

At a constant radius, as the sample is moved  along the axis of the cylinclcr,  it will
cxpcricnce a force duc to the interaction of the polarized cliclectric  with the electric
field. The maximum force will occur 1/4 and 3/4 along the axis of the cavity as
shown in fig. 2. At these positions, the empty cavity electric field is changing the
fastest. At the, center of the cavity, the electric field rcachcs a maximum and the
mi crowavc force e.xerlccl  on the sample will be zero. “1’hc ccntcr  of the cavily
corresponds to a stable equilibrium position, for this moclc and cavity geometry.

T’hc 11-1; principle of adiabatic invariance states that for any periodic system, the
ratio of the kinetic emcrgy of the system to the frcque.ncy of the motion, is an
adiabatic invariant [2]. An adiabatic invariant is a quantity that remains constant
while an external constraint paramemr to the system is changed, on a time scale
much slower than the period of the system. ‘1’his is the mechanical definition of
“acliabatically”.  in tl~el]~ldyl~al~lics,  an adiabatic transformation takes place without
any heat flow, dQ =- O. “1’hc system is strictly conservative; all the emcrgy in the
systcm can be ret ricved,  Any work pcrformcci on thes ystcm will result in changing
the intcmal CnC.J’~y of the SyStCI1l. “1’hc process is complctc]  y rcvcrsiblc.

It shou]d bc immediately obvious that for any real, physical system, an adiabatic
transformation is impossible, Work pcrforme.d  on a physically rcalizab]c  systcm
will always involve some. energy loss to nonconservative forces. in the case of a
microwave resonant mode, strict adiabatic invariance requires that a Comp]etc)y
10 SSICSS sample  bc displaced in an infinite Q cavity. ‘1’hc main objcctivc  of this
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work was to test how well the 11-li principle of adiabatic invariance prcdictec]  the
microwave force for a system transformed under conditions that did not strictly
maintain adiabatic invariance. ‘1’hc II-R princip]c was successful] y tested for an
acoustic resonant mode [3].

‘ in harmonic systems, such as a microwave rc.sonant  mode, where the kinetic
energy is in direct proportion to the potential energy, the adiabatic invariant is
simply the ratio of the total energy, U, to the frequency, (0 [2]. ‘1’hc energy of the
mode can bc cxprcsscd as U = N ho, where N is the number of photons in the
mode and ho is the photon cncrg y, 1 f U/(1) is to remain constant, Nh must remain
constant. “1’hc number of photons in the mode must remain the same for adiabatic
invariance, to apply in this case. ‘1’his constraint implies that U/m is a constant
which is just the prediction of the. 11-1{  principle,

It can be shown [4] that the change in the potential energy of the sample, l](r), is
equal  to the change in the ficlcl cncrg y after int roclucing  the sample  into the. field,
with the sources of the field held fixed. “1’he force cxcruxl  by the microwave field
on the sample, is equal to the negative change in the field energy as a function of the
sample’s position, IIcforc the san~Jic  entered the cavity, the energy storecl in the
moclc is symbolizwl  by l] ~, and the. resonance fre.qucncy  by COO. l’hc adiabatic
invariant is lJO/(l)O. IJor clisplaccmcnt  of the sample in the axial direction, the force
cxcrlcd  on the sample will bc:

(4)

If we consider placing the sample at z] from outside. the cavity, and then position
the SftlllplC  at Z2 from cmtsidc the cavity, the adiabatic invariant will bc lhc cnlJ>ty
cavity valncs  (JO/(1)0 and the frequency shift caused by the Jwcscncc of the sanlJ~lc,
i.e.,

(5)

‘1’hc rcsonancc  frequency and position of the san~J)lc  arc easily measure.cl
cxpcrin~cntalJy.  “1’o dctcrminc IJO, wc utili7,c  the clcfiniticm  of the. quality factor, Q,
of the cavity,

2n I h)crgy storedQ: . ----- y)OIJO:-.
J{nc.rgy  loss /“ cycle ],; ‘ (6)



whet’c Pt is the energy loss pcr second. IIccause the energy  stored in the circuit is

ncgligble  compared to the energy  stored in the cavity, the factor, QP1/o1O,
represents the stored energy in the cavity. in applyit~g  the 11-13 prirlciple,  it is
lcquired  that the sample prcscncc  not pcrmrb the crept y cavity field di stribulion,  the
energy stored iri the sample bc negligible, and the energy stored in the cavity bc
stored in the mode. T’hc field energy, U, can be determined from the factor,
QPY/w. The predicted )1-1+ force can J~ow be cxpcrimcntally  dctcrmimd  from,

p
Q 1’/ (1)2 - ml
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A. Microwave l~orcc

~’hc experiment was conducted by measuring the rcsonancc  frequency of the mode,
the quality factor, Q, of lhc cavity, the power incident on and reflected from the
cavity, and the axial component of the microwave force, as a function of the
position of the samp]c. ‘1’hc samp]c position was the external constraint paramtcr
that was changed adiabatically to test the }1-1; force prediction. A schematic
diagram of the cxpcrimcntal  apparatus is shown in }Jig. 3.
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An A1203  (alumina) sp}mc with a measured diamcler of 0.95 cm. was supported
cm a thin quartz,  rod in a cylindrical cavity that mcasmed 4.7 cm in ]cngth and 3.42
cm in cli amctcr. A frecjucncy  counter measured the frequcm  y to an accuracy of
20kI 17,. The rcftcctcd  power was measured dircctl y from the circulator using a
matched 30dll at[cnuator to a microwave power sensor. “1’hir[y  d]] of incident
power was coup]cd  out to a microwave power sensor and mcasurect  to within  an
qccmracy of 2%. ‘J’hc axial component of the microwave force  excrlcd cm the
sample was measured through the quariz  pedestal  resting on the electronic
microbalance.  ‘l’he accuracy of the microbalancc is 0.1 mg. ‘J’hc microbalance was
supported by a stage mounted to a dovetail slide. ‘1’hc microwave cavity and
circuitry remained fixed, while the. position of the sample changed by lowering the
position of the microbalance  using  the slide. ‘1’hc relative position of the sample
was measured using  a vertical scale with an electronic readout, ‘1’he accuracy of this
measurement was 0,01 mm. IIata was taken over the length of the cavity for pairs
of points separated by 1.Omm, and e.ac}~ point within a pair, separated by 0.5 mm,

The Q of the cavity was measured at each sample position by voltage controlling the
oscillator to sweep through the rcscmance  frcquemy.  ‘1’hc power rcftectcd from the
cavity through a circulator was measured using a calibrated crystal detector, ‘1’hc
rc.flcctcd  power curve was fit to a theoretical 1.orcnt7,ian  line shape. A typical
example is shown in liig. 4. A Q = 592.4 was calculated from the fit parameters.
“J ‘his Q measurement was reproducible to within 2%.
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liigure  4. ‘J’ypical  thcmctical  1 mcntzian  line fit to
rcfleztcxl  power swcc.p data. ‘1’hc Q of the cavity is
determined from the fit parameters.

“1’he 11-11 principle applied to the case of microwave resonant moclcs re.quircs a
single, isolated, non-dcgcncm[c,  mode. While the ‘1’11] I I moclc  is clegcncratc  in the
angu]ar coordinate, this degeneracy was brokem by the asymmetry c)f the cavity.
‘1’hc  motivation in choosing the climcnsions  c)f the cavity as statccl above,,  was to
i solatc this mode from other nearby moclcs, ‘1’hc  iso]atio~) of this mode was verified
by sweeping the cavity over a 500MI 17 bandwidth, ancl monitoring the mocle
spcctmm as the sample was moved axial] y through the cavil y. ‘1’he ‘1’111 ] 1 mode
was chosen for this cxpcrimcnt, because of the high mcasurcc] Q valm compamd
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with the measured Q of othcx modes in this applicator. Maximizing the Q value
used in the experiment was an imporiant criterion, because of the limited power
available out of the “l’WJ’. I/or this applicator, the empty cavity had a ‘1”l; ] I I mode
frequency j’O = 5.72 (3117,, and a quality factor Q. = 5,780. ‘lrhc maximum output
of the TW”J’ amplifier at this frequency was approximately 30 Watts. ‘1’he
microwaves were coupled into the cavity using an adjustable inductive loop,
through the side of the cavit y body at the center 1.7+/2. “J’hc cavity was taken to bc
critically coupled to the external circuit when the rcflcmd power was a minimum
with respect to the frequency. ‘1’hc ratio of rcflcctcd to forward power ranged in
value between 2% anct 7%. ‘1’hc cavity was critically coupled for the sample in one
position, ‘1’he position of the coupler was held constant there, w}~ilc the data was
taken as a function of sample position.

in fig. 5, the normalized measurcct force and the 11-1} predicted force. are plotted as a
function of sample position along the axis of the cavity. “1’he measured force data
represent the sample’s weight change measured by the electronic microbalance.
‘1’he B-ii predicted force data are calculated from the cxpcrimcntal  paranmtcrs  using
Cqn. 7.

Q is the measured quality factor of the loaded cavity with the sample present. I’t
represents the sum of the ~jowcr  loss in the cavity and the power loss in the circuit.
LJndcr resonant conditions these arc eqtlal, and 1’1 is twice the power loss
nmasurcd in the cavity. ‘1’he, average values of Q, P ~, and m, were calculated for
each pair of points, and usc,d in the force calculation, because these values were not
con st ant over the ran gc of data. ‘1’hc Q value was the parameter that changecl  the,
most. The highest values were measured at the top and bottom of the cavity. As
the sample position moved towards the miclclle  away from the top or bot(cm  of the
cavity, the Q value dccrcasect by as much as 30%. ‘J’his  is an indication that
adiabatic invariance was not strictly maintained,

‘1’his plot shows that the predicted and measured force were in good agmcmcnt  over
the middle half of the cavity. When the sample aJJproachcd the top or bottom plate
of the cavity, this size. sample, with a diamctc.r  equal to 2.8% of the length  of the
cavity, intcrfcrec] with the currents flowing in the walls of the cavity. ‘1’his
phenomenon is rcflcctcd  in the Q mcasurcmwnt  for those  sample positions, It was
found that the measured Q of the loaded cavity with the sample C1OSC to the cavity
end plates, was higher than the mcasmcd empty cavity loaded Q value, by as much
as 15%. IIccause this Q value is used to calculate the force predicted by the, 11-1;
principle., the preclictccl  form was la~-gcr  than the measured value,
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1{. Resonant Ihcqucncy Variation

‘1’he frequency shift model predicts that the relative frequency shif[, A, will be given
by [5]

(8)

where R and 1 correspond to the real and imaginary components of the complex
valued integral

(9)

in this integral, E rep-escnts  the electric field inside the sample and E: is the
complex conjugate of the unpmurbui  field in the cavity. ‘1’hc integral is taken over
the volume of the sample, ‘J ‘hc real and imaginary components have been cakwl ated
for a sphere  in a rectangular cavit y [6].

‘1’hc predictions have been expcrimmtal]y  tcstcci using a 1,1 cm clianmtcr sphere of
zerodut.  “1’hc ‘J’Mss() mode was cxcitcd  in a rcctangu]ar  cavity with dimensions 1,x
=- 10.Z? cm., I.y = 18.1 cm., and I,z, : 14.99 cm. at a frcquemcy of 5.04 G] lz,.
Microwaves were coup]cct into the cavity using a capacitive coupler located at (1/2.)
1.X, (2/5) 1. , 1.7,, A very low power ICVCI of 10 mWatts was USC(I to ensure that the

rzcrodur sp ~ere did not heat, ‘1’}]c dielectric parameters used in the theoretical fit



were. c’ = 5.48 and c.” = 0,243, Figure 6 shows that the theory very accmratc]y
predicts the relative frcxqucncy shift.
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Figure 6. Gmparison bctwcc.n  expcrimcmtally
measured al~dtl~enretcally  l~re.dicted  rclativc
fmqucncy shift for a spl{c];  of 74croclur,  as a
function of position along the x axis in a rectangular
cavity.

lllS~lJSSION

‘1’racliticmally,  Ihcoretical  calculations of the microwave force acting on a material
have been restricted to the small sphere limit. ‘1’hc calculation required that the
diamtcr of the sphcm, “a”, bc much smaller than the wavelength of radiat ion. ‘1’his
requirement restricted the product of the wavcl~umber,  “k”, and the sphere
diameter, “a”, to be ka e< 1. in the frequency shift experiment, ka =: 0.59 and in
the experimental verification of the 11-1; prcdicticm, ka =- 1.12. “1’hc cxpcrimcntal
results reported here, show that the 11-11 princiJ~lc  can bc used to clctcrminc  the
positioning potential, lJ(r),  cxpc.ricnccd  by samp]cs  in cavities, ovc.r a wide range
of sizes and geometries for each. “1’hc force predictions can be made from a
straight forward mcasurcmcnt of the change in resonant frequency, as a function of
the sample’s position. ‘1’hcorctical  calculations for arbitrary sizes ancl shapes of
samp]cs and cavities would bc cxtrcmcly  difficult.

‘1’hc freqwmcy shift model can bc combined with the. 11-1 t principle to provide an
cxtrcmcly powcrfu] tool for clcsigning  microwave levitators. If it were desirable to
use a spherical sample in a rectangular cavity, by coupling the predictions from
these two theories, onc could predict the strength of the restoring force, the strength
of the microwave torque, and the behavior of the positioning force as a function of
temperature. “1’hcsc  predictions would bc valid for a broad range of sphcm siz,cs.
]Iccausc  the B-]{ principle assumes no IOSSCS  in the system, the samples WOUIC1  bc
restricted to low loss materials levitated in a high Q cavity. our future work will



include developing and testing an extended 11-11  theory that would account for such
losses. ~oniequently,  there would bc no restrictions on the samples for the
microwave force predictions.

I/or the purposes of NASA’s Microgravity Science and Applications program, the
spherical sample geometry is preferred for positioning samples that arc proecsscd  in
a microgravity  environment. ‘1’his sample geometry is desirable for microwave
technology as well, when considering the spurious effects caused by the interaction
of microwaves with samples containing sharp edges  and corners. ‘1’hc rcct angular
cavity geometry is well suited for coupling to high power sources. “1’hc restriction
of a spherical sample geometry in a rectangular cavity, is not a serious limitation to
developing microwave posi(ioncrs  for NASA’s Microgravity  Science and
Applications program. IHiminating the need to perform extremely difficult
theoretical calculations required in ctctcrmining  the force acting on large size
samples through the 11-li prediction, is a significant achievement for the program’s
goals. In addition, climina(ing  the nce,cl to conduct frequency mcasurcmemts to map
out the positioning potential fox a sphere in a rectangular cavity is of great
importance to this program. ‘1’hc ctcsign of microwave positicmem  can bc easily
optimized to ensure successful materials processing cxpcrimcnts  conductexl  in a
microgravity  cnvircmmcnt,

CX3NC3  .USlON

We have cxpcrimcntally  verified the validity of applying the 11-JI  princip]c of
adiabatic invariance to a single, isolated, microwave resonant mode. It was not
known a priori, how sensitive the results would be to the restriction of adiabatic
invariance. Iior the case of a large, low loss, spherical, sample in a cavity with a
loaded Q of 5’780, the 11-}i principle led to force predictions that closely agreed with
the experimentally measured forces, over the middle half of the cavity. ‘1’hc 11-1;
principle determines the positioning potential of a sit]glc microwave resonant mode,
from the spatial (icpcndence  of the rcsonancc  frequency. ‘1’his  tcchniquc can be
aJyJ]icd  to samples and cavities of arbitrary sizes and shapes.

A rcccntly developed frequency shift model has been verified for a large lossy
sphere in a rectangular cavi(y, By combining this frequency shift mode,]  wi[h the l]-
1 i principle, the positioning potential for a given mode can be predicted without
cxpcrimcntal  nlcasurcnvmts  for a large range of sphere si zcs in a rcctango]ar  cavit  y.

~llrrcntly,  we arc developing a moclific.c] ILli  principle that can be applied to non
conservative systems. Predictions could bc made regarding the positioning
potential for a lossy  sample heated in a microwave resonant mode. l’ositioncrs
could then be designed to incorporate both microwave heating and positioning
within the same applicator. ‘1’his could be easily accomplished since the stable.
equilibrium position occurs at the. position of maximum elcc(ric field. Jior most
materials, this corresponds to the position of maximum hc.sting.
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